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SURFACES PINCHED BY NORMAL CURVATURE FOR MEAN
CURVATURE FLOW IN SPACE FORMS
DONG PU, JINGJING SU, AND HONGWEI XU
Abstract. In this paper, we investigate the mean curvature flow of compact
surfaces in 4-dimensional space forms. We prove the convergence theorems
for the mean curvature flow under certain pinching conditions involving the
normal curvature, which generalise Baker-Nguyen’s convergence theorem.
1. Introduction
Let M be an n-dimensional compact submanifold isometrically immersed in a
Riemannian manifold Nn+d. Denoted by F0 the isometric immersion. We con-
sider the one-parameter family Ft = F (·, t) of immersions Ft : M → Nn+d with
corresponding images Mt = Ft(M) which satisfies
(1.1)
{
∂
∂tF (x, t) = H(x, t),
F (x, 0) = F0(x),
whereH(x, t) is the mean curvature vector ofMt. We call Ft : M → Nn+d the mean
curvature flow with initial value F0. In 1980’s, Huisken proved the convergence
theorems of the mean curvature flow of hypersurfaces under certain conditions in
a series of papers. For the initial hypersurfaces satisfying the convexity condition,
Huisken [8, 9] proved that the solution of the mean curvature flow converges to a
point as the time approaches the finite maximal time. Motivated by the rigidity
theorem for hypersurfaces with constant mean curvature in spheres due to Okumura
[26], Huisken [10] proved that the mean curvature flow of hypersurfaces in the unit
sphere Sn+1 under a pointwise curvature pinching condition either converges to a
round point in finite time, or converges to a total geodesic sphere of Sn+1 as t→∞.
During the past three decades, there are some important progresses on the theory
of mean curvature flows of hypersurfaces. On the other hand, a few striking results
for mean curvature flows of higher codimension were obtained by several geometers.
For instance, Chen-Li [4] and Wang [29] studied the mean curvature flow of surfaces
in a four dimensional Ka¨hler-Einstein manifold. For the mean curvature flow of
arbitrary codimension in the Euclidean space, Andrews and Baker [1] considered
the convergence problem under the curvature pinching condition for |H |2 and the
squared norm of the second fundamental form |A|2. They proved the following
convergence theorem.
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Theorem A. Let F0 :M
n → Rn+d be a smooth compact submanifold with |H |min >
0 in a Euclidean space. Assume M satisfies
|A|2 ≤
{
4
3n |H |2, n = 2, 3,
1
n−1 |H |2, n ≥ 4.
(1.2)
Then the mean curvature flow with the initial value F0 converges to a round point
in finite time.
In [2], Baker investigated the mean curvature flow of arbitrary codimension in
spheres and obtained the following result.
Theorem B. Let F0 : M
n → Sn+d( 1√
K¯
) be a smooth compact submanifold in a
sphere with constant curvature K¯. Assume M satisfies
(1.3) |A|2 ≤
{
4
3n |H |2 + 2(n−1)3 K¯, n = 2, 3,
1
n−1 |H |2 + 2K¯, n ≥ 4.
Then the mean curvature flow with the initial value F0 either converges to a round
point in finite time, or converges to a total geodesic sphere of Sn+d( 1√
K¯
) as t→∞.
Afterwards, Lei-Xu [14] obtained a sharp convergence theorem for mean curva-
ture flow of higher codimension in spheres. Set
(1.4) a(x) = nK¯ +
n
2(n− 1)x−
n− 2
2(n− 1)
√
x2 + 4(n− 1)K¯x,
they proved the following theorem.
Theorem C. Let F0 : M
n → Sn+d( 1√
K¯
) be an n-dimensional (n ≥ 6) smooth
compact submanifold in a sphere with constant curvature K¯. Assume M satisfies
(1.5) |A|2 < c(n, |H |, K¯).
Then the mean curvature flow with the initial value F0 either converges to a round
point in finite time, or converges to a total geodesic sphere of Sn+d( 1√
K¯
) as t→∞.
Here c(n, |H |, K¯) is an explicit positive scalar defined by
c(n, |H |, K¯) = min{a(|H |2), b(|H |2)},
where
b(x) = a(x0) + a
′(x0)(x− x0) + 1
2
a′′(x0)(x− x0)2,
x0 =
2n+ 2
n− 4
√
n− 1(√n− 1− n− 4
2n+ 2
)2K¯.
The scalar c(n, |H |, K¯) in Theorem C satisfies the following: (i) c(n, |H |, K¯) >
1
n−1 |H |2 + 2K¯; (ii) c(n, |H |, K¯) > 76
√
n− 1K¯; (iii) c(n, |H |, K¯) = a(|H |2) when
|H |2 ≥ x0. For mean curvature flow of surfaces in hyperbolic spaces, Liu-Xu-Ye-
Zhao [19] proved the following convergence theorem.
Theorem D. Let F0 : M
n → Hn+d(K¯) be a smooth compact submanifold in a
hyperbolic space with constant curvature K¯. Assume M satisfies
|A|2 ≤
{
4
3n |H |2 + n2 K¯, n = 2, 3,
1
n−1 |H |2 + 2K¯, n ≥ 4.
(1.6)
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Then the mean curvature flow with the initial value F0 converges to a round point
in finite time.
Recently, Lei-Xu [13] proved a convergence theorem of arbitrary codimension in
hyperbolic spaces that the initial submanifold Mn of dimension n(≥ 6) under the
optimal pinching condition.
Theorem E. Let F0 : M
n → Hn+d(K¯) be an n-dimensional (n ≥ 6) smooth
complete submanifold in a hyperbolic space with constant curvature K¯. Assume M
satisfies
sup
M
(|A|2 − a(|H |2)) < 0, where |H |2 + n2K¯ > 0.(1.7)
Then the mean curvature flow with the initial value F0 converges to a round point
in finite time.
Since a(|H |2) > 1n−1 |H |2 + 2K¯, the theorem above improves Theorem D for
n ≥ 6. The example in [13] shows that the pinching condition in Theorem E is
optimal for arbitrary n(≥ 6). Note that initial submanifolds in the almost all con-
vergence results possess positive curvatures. The convergence theorems in Theorem
C and Theorem E imply that the Ricci curvatures of the initial submanifolds are
positive, but don’t imply the positivity of the sectional curvatures. Therefore, the
two convergence theorems also imply the differentiable sphere theorems for sub-
manifolds with positive Ricci curvatures.
However, there is no optimal pinching condition for surfaces in space forms under
mean curvature flow. Recently, Baker and Nguyen [3] introduced a new pinching
condition evolving the normal curvature K⊥ for surfaces in R4, and obtained
Theorem F. Let F0 :M → R4 be a compact surface with |H |min > 0. Assume M
satisfies
(1.8) |A|2 + 2(1− 4
3
k)|K⊥| ≤ k|H |2,
where k ≤ 2940 . Then the mean curvature flow with the initial value F0 converges to
a round point in finite time.
Theorem F improves the coefficient of |H |2 in Theorem A for codimension two
surfaces from 23 to
29
40 with the help of the normal curvature. Baker and Nguyen
conjectured that the Clifford torus viewed as a surface of codimension two in R4 is
the true obstruction to the theorem F, corresponding to the optimal constant k = 1.
The mean curvature flow in complex projective spaces was investigated in [15, 24].
The blowup analysis of the mean curvature flow at singular time was investigated
in [5, 12, 18, 31]. For other results and applications of the mean curvature flow, we
refer the readers to [11, 16, 20, 21, 23, 28, 30, 32].
Motivated by above theorems, we consider surfaces pinched by the normal cur-
vature for the mean curvature flow in the simply connected space form F4(K¯) with
constant curvature K¯. Putting
(1.9) γ =
{
1− 32k, 12 < k ≤ 23 ,
1− 43k, 23 < k ≤ 2940 ,
we prove the following convergence theorems.
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Theorem 1.1. Let F0 :M → S4( 1√
K¯
) be a compact surface immersed in the sphere
with constant curvature K¯. If M satisfies
(1.10) |A|2 + 2γ|K⊥| ≤ k|H |2 + βK¯, β = 4k − 2,
then the mean curvature flow with the initial value F0 converges to a round point
in finite time, or converges to a total geodesic sphere of S4( 1√
K¯
) as t→∞.
In particular if k = 23 , Theorem 1.1 is the same as the case of n = 2 and d = 2
in Theorem B. Consider the compact surface M = S1(r) × S1(s) ⊂ S3(1) ⊂ S4(1)
with r2 + s2 = 1. We have |A|2 = |H |2 + 2, which implies that it doesn’t satisfy
the pinching condition.
Theorem 1.2. Let F0 :M → H4(K¯) be a compact surface immersed in the hyper-
bolic space with constant curvature K¯. If M satisfies
(1.11) |A|2 + 2γ|K⊥| ≤ k|H |2 + βK¯, β = 4− 2
k
,
then the mean curvature flow with the initial value F0 converges to a round point
in finite time.
In particular if k = 23 , Theorem 1.2 is the same as the case where n = 2 and d = 2
in Theorem D. Consider the compact surface M = S1(r)×S1(s) ⊂ S3(1) ⊂ H4(−1)
with r2 + s2 = 1. We have |A|2 = |H |2 − 2 and |H |2 ≥ 8, which implies that it
doesn’t satisfy the pinching condition.
In 1999, De Smet et al. [6] proposed the well-known DDVV conjecture which was
proved by Ge-Tang [7] and Lu [22]. Applying the DDVV inequality for codimension
two surfaces in the space form, i.e., 2|K⊥| ≤ |A|2 − |H|22 , and taking k = 2940 we
have the following corollary.
Corollary 1.3. Let F0 : M → F4(K¯) be a compact surface immersed in the space
form with |H |2 + 4K¯ > 0. Assume that M satisfies
(1.12) |A|2 ≤ 89
124
|H |2 + βK¯,
where β =
{
27
31 , K¯ ≥ 0,
1080
899 , K¯ < 0,
then the mean curvature flow with the initial value F0
converges to a round point in finite time, or converges to a total geodesic sphere of
S4( 1√
K¯
) as t→∞.
For K¯ > 0, |H |2 + 4K¯ > 0 is automatically satisfied. For K¯ = 0 , |H |2 + 4K¯ >
0 is equivalent to that the mean curvature is nowhere vanishing. For K¯ < 0,
|H |2 + 4K¯ > 0 is implied by condition (1.12). Corollary 1.3 improves Theorem A,
Theorem B and Theorem D for codimension two surfaces. In fact, for K¯ < 0 we
have |A|2 ≤ 23 |H |2 + K¯ < 89124 |H |2 + 1080899 K¯ with |H |2 + 4K¯ > 0.
Based on the convergence results and the examples above, we propose the fol-
lowing optimal problem.
Open Problem 1.4. Let F0 : M → F4(K¯) be a compact surface immersed in the
space form with |H |2 + 4K¯ > 0. Assume that M satisfies
(1.13) |A|2 + 2(1− k)|K⊥| < k|H |2 + βK¯,
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for 12 < k ≤ 1 and β =
{
4k − 2, K¯ ≥ 0,
4− 2k , K¯ < 0.
Is it possible to prove that the mean
curvature flow with the initial value F0 converges to a round point in finite time,
or converges to a total geodesic sphere of S4( 1√
K¯
) as t→∞?
2. Preliminaries
Let (Mn, g) be the n-dimensional Riemannian submanifold isometrically im-
mersed in a simply connected space form Fn+d(K¯) with constant curvature K¯. De-
note by ∇¯ the Levi-Civita connection of the ambient space Fn+d. We use the same
symbol ∇ to represent the connection of the tangent bundle TM and the normal
bundle NM . Denote by (·)⊤ and (·)⊥ the projections onto TM and NM , respec-
tively. For u, v ∈ Γ(TM), ξ ∈ Γ(NM), the connection ∇ is given by ∇uv = (∇¯uv)⊤
and ∇uξ = (∇¯uξ)⊥. The second fundamental form of M is defined by
A(u, v) = (∇¯uv)⊥.
Let {ei | 1 ≤ i ≤ n} be a local orthonormal frame for the tangent bundle and
{να |n+ 1 ≤ α ≤ n+ d} be a local orthonormal frame for the normal bundle. Let
{ωi} be the dual frame of {ei}. With the local frame, the first and the second
fundamental forms can be written as g =
∑
i ω
i⊗ωi and A =∑i,j,α hijαωi⊗ωj ⊗
να =
∑
i,j hijω
i ⊗ ωj , respectively. The mean curvature vector is given by
H =
∑
α
Hανα, Hα =
∑
i
hiiα.
Let A˚ = A − Hn g be the traceless second fundamental form, whose squared norm
satisfies |A˚|2 = |A|2 − |H|2n . Denote by ∇2i,jT = ∇i(∇jT ) − ∇∇iejT the second
order covariant derivative of tensors. Then the Laplacian of a tensor is defined by
∆T =
∑
i∇2i,iT .
The normal curvature tensor in local orthonormal frames for the tangent and
normal bundles is given by
(2.1) Rm⊥ = R⊥ijαβ = hipαhjpβ − hjpαhipβ .
We have the following evolution equations for the mean curvature flow.
Lemma 2.1 ([1]).
∇∂thij = ∆hij + hij · hpqhpq + hiq · hqphpj + hjq · hqphpi(2.2)
−2hiq · hjphpq + 2K¯Hgij − nK¯hij ,
∇∂tH = ∆H +H · hpqhpq + nK¯H,(2.3)
∂
∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2R1 + 4K¯|H |2 − 2nK¯|A|2,(2.4)
∂
∂t
|H |2 = ∆|H |2 − 2|∇H |2 + 2R2 + 2nK¯|H |2,(2.5)
where
R1 = 2
∑
α,β
(
∑
i,j
hijαhijβ)
2 + |Rm⊥|2,(2.6)
R2 =
∑
i,j
(
∑
α
Hαhijα)
2.(2.7)
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From now we consider the mean curvature flow of surfaces in F4(K¯). Let {ei}
be a frame diagonalizing the matrix (hij3). If |H | 6= 0, we choose ν3 = H|H| , then
tr(hij3) = |H | and tr(hij4) = 0. Set
(2.8) A = A1 +A2 =
[|H |/2 + a 0
0 |H |/2− a
]
ν3 +
[
b c
c −b
]
ν4,
we have
(2.9) |A˚|2 = |A˚1|2 + |A˚2|2 = 2a2 + 2b2 + 2c2,
where A˚1 = A1 − H2 g and A˚2 = A2.
For surfaces of codimension two, we denote the normal curvature R⊥1234 by K
⊥
and we have
K⊥ = 2ac ≤ a2 + b2 + c2 = 1
2
|A˚|2,(2.10)
|∇K⊥| ≤ 4|A˚||∇A˚|.(2.11)
The following lemma is the evolution equation of the length of the normal cur-
vature.
Lemma 2.2.
∂
∂t
|K⊥| = ∆|K⊥| − 2 K
⊥
|K⊥|∇evolK
⊥ +R3 − 4K¯|K⊥|,(2.12)
where
∇evolK⊥ =
∑
p,q
(∇qh1p3∇qh2p4 −∇qh2p3∇qh1p4),(2.13)
R3 = |K⊥|
(
|A|2 + 2|A˚|2 − 2b2
)
.(2.14)
Proof. From the definition of R⊥ijαβ and Lemma 2.1, we have
∂
∂t
R⊥ijαβ = ∆R
⊥
ijαβ − 2
∑
p,q
(∇qhipα∇qhjpβ −∇qhjpα∇qhipβ)
+
∑
p
(
d
dt
hipαhjpβ + hipα
d
dt
hjpβ − d
dt
hjpαhipβ − hjpα d
dt
hipβ
)
,
where ddthijα is the reaction terms of ∇∂thij , i.e.,
d
dt
hijα = hij · hpqhpqα + hiq · hqphpjα + hjq · hqphpiα(2.15)
−2hiq · hjphpqα + 2K¯gijHα − nK¯hijα.
Since R⊥1234 = K
⊥, we denote by ∇evolK⊥ the gradient terms∑
p,q
(∇qh1p3∇qh2p4 −∇qh2p3∇qh1p4),
and we have
(2.16)
∂
∂t
K⊥ = ∆K⊥ − 2∇evolK⊥ +K⊥
(
|A|2 + 2|A˚|2 − 2b2 − 4K¯
)
.
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Thus from the evolution equation of K⊥, we get
∂
∂t
|K⊥| = ∆|K⊥| − 2 K
⊥
|K⊥|∇evolK
⊥(2.17)
+|K⊥|
(
|A|2 + 2|A˚|2 − 2b2
)
− 4K¯|K⊥|.

We have the following following estimates for the gradient of the second funda-
mental form.
Lemma 2.3 ([3] Proposition 4.2).
|∇A|2 ≥ 3
4
|∇H |2,(2.18)
|∇A|2 − 1
2
|∇H |2 ≥ 1
3
|∇A|2,(2.19)
|∇A|2 ≥ 2∇evolK⊥.(2.20)
3. Preservation of curvature pinching
In this section, we prove the following curvature pinching condition preserves
along the mean curvature flow in the space form F4(K¯).
Proposition 3.1. Let F0 : M → S4( 1√
K¯
) be a compact surface immersed in the
sphere with constant curvature K¯. Suppose |A|2+2γ|K⊥| < k|H |2+βK¯, β = 4k−2,
then this condition holds along the mean curvature flow for all time t ∈ [0, T ) where
T ≤ ∞.
Proof. Suppose the compact surface satisfies |A|2 + 2γ|K⊥| − k|H |2 − βK¯ < 0 at
the initial time. Denote by
(3.1) Q(x, t, K¯) = |A|2 + 2γ|K⊥| − k|H |2 − βK¯,
then Q < 0 also holds at the initial time. If the curvature pinching condition does
not preserve, then there is a first point and a time such that Q(x, t) = 0, where x
is the maximal point of Q at time t. From Lemma 2.1 and Lemma 2.2, we have
∂
∂t
Q =∆Q − 2
(
|∇A|2 + 2γ K
⊥
|K⊥|∇evolK
⊥ − k|∇H |2
)
+ 2R1 − 2kR2 + 2γR3
+ 4K¯|H |2 − 4K¯|A|2 − 4kK¯|H |2 − 8γK¯|K⊥|.
From (2.18), we have
(3.2) |∇H |2 ≤ 4
3
|∇A|2 ≤ 3
2
|∇A|2,
and combine with (2.20), we have
(3.3) − 2
(
|∇A|2 + 2γ K
⊥
|K⊥|∇evolK
⊥ − k|∇H |2
)
≤ (−2 + 2γ + 8
3
k)|∇A|2 < 0.
If |H | = 0, the evolution equation of Q and (3.3) implies
(3.4)
∂
∂t
Q ≤ ∆Q+ 2R1 + 2γR3 − 4K¯|A|2 − 8γK¯|K⊥|.
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Since |A|2 + 2γ|K⊥| = βK¯ at the point x of time t, the reaction terms are
2R1 + 2γR3 − 4K¯|A|2 − 8γK¯|K⊥|(3.5)
= 2R1 + 2γ|K⊥|(3|A|2 − 2b2)− 4K¯|A|2 − 8γK¯|K⊥|
≤ 2R1 + 3|A|2(βK¯ − |A|2)− 4K¯|A|2.
Li-Li’s inequality [17] and the definition of β imply
2R1 + 2γR3 − 4K¯|A|2 − 8γK¯|K⊥|(3.6)
≤ 3|A|4 + 3|A|2(βK¯ − |A|2)− 4K¯|A|2
= (3β − 4)K¯|A|2
< 0.
Thus it is a contradiction and the proposition follows in this case.
If |H | 6= 0, denote by dQdt the reaction terms of ∂∂tQ and at the supposed point
we have
(3.7)
(
k − 1
2
)|H |2 = |A˚|2 + 2γ|K⊥| − βK¯,
then
dQ
dt
=
(− 1
k − 1/2 + 2
)
4a2b2 +
(− 1
k − 1/2 + 2
)
γ|K⊥||A˚1|2
+
(− 3
k − 1/2 + 6
)
γ|K⊥||A˚2|2 +
(− 1
k − 1/2 + 2
)|A˚2|4
+
(− 1 + 2γ2
k − 1/2 + 6
)|K⊥|2
+K¯
(
2|A˚1|2β + 2|A˚|
2β − |A˚1|2β + 3γ|K⊥|β
k − 1/2 − 8|A˚|
2 − 16γ|K⊥|
)
−K¯2( β2
k − 1/2 − 4β
)
.
For the sake of simplicity, we can write the above equation as
dQ
dt
=
dQ
dt
(x, t, 0) + K¯
(
2|A˚1|2β + 2|A˚|
2β − |A˚1|2β
k − 1/2 − 8|A˚|
2
)
(3.8)
+K¯
( 3β
k − 1/2 − 16
)
γ|K⊥|
−K¯2( β2
k − 1/2 − 4β
)
.
Using the numerical calculation for the extracted quadratic forms from dQdt (x, t, 0)
as Proposition 4.1 in [3], we have dQdt (x, t, 0) < 0.
For other terms, i.e., the coefficient of K¯ is
(3.9) 2
( β
k − 1/2 − 4
)|A˚2|2 + ( β
k − 1/2 + 2β − 8
)|A˚1|2 + ( 3β
k − 1/2 − 16
)
γ|K⊥|,
and the coefficient of K¯2 is
(3.10) − ( β2
k − 1/2 − 4β
)
.
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We choose
(3.11) 4
(
k− 1
2
) ≤ β ≤ min{4(k− 1
2
)
, 4− 2
k
,
16
3
(
k− 1
2
)} = 4k−2 for 1
2
< k ≤ 3
4
.
Then ∂∂tQ < 0, which is a contradiction via the maximum principle. Thus, we
conclude Q < 0 is preserved along the mean curvature flow. 
If the equality of the pinching condition holds somewhere on the initial surface,
i.e., |A|2 + 2γ|K⊥| = k|H |2 + βK¯, the similar argument in [2] implies that after
some short time the surface satisfies |A|2 + 2γ|K⊥| < k|H |2 + βK¯.
Remark 3.2. (i) When K¯ = 0, the pinching condition in Theorem F can be
replaced by |A|2 + 2γ|K⊥| < k|H |2. (ii) When K¯ < 0, we choose
(3.12) β = max{4(k − 1
2
)
, 4− 2
k
,
16
3
(
k − 1
2
)} = 4− 2
k
for
1
2
< k ≤ 3
4
.
4. Convergence theorem in the sphere
In this section, we prove the convergence theorem for the mean curvature flow
of surfaces in S4( 1√
K¯
). First, we derive an estimate for the traceless second funda-
mental form, which guarantees thatM becomes spherical along the mean curvature
flow.
Proposition 4.1. There exist constants C < ∞ and σ, δ > 0 both depending only
on the initial surface such that for all time t ∈ [0, T ) where T ≤ ∞, we have the
estimate
|A˚|2 + 2γ|K⊥| ≤ C(|H |2 + K¯)1−σe−δt.(4.1)
Here we want to find the upper bound of fσ := (|A˚|2+2γ|K⊥|)/(α|H |2+βK¯)1−σ
by a Stampacchia iteration procedure as in [2], where α = k − 1/2. In view of the
Proposition 3.1, we substitute γ = 1− 43k − ǫ∇ as in [3] to keep the gradient term
negative. Now, we need the evolution equation of fσ.
Lemma 4.2. For every σ ∈ (0, 1) and ǫ∇ = 1 − 43k − γ, we have the evolution
equation
∂
∂t
fσ ≤ ∆fσ + 2α(1− σ)
α|H |2 + βK¯ 〈∇i|H |
2,∇ifσ〉(4.2)
− 2ǫ∇
(α|H |2 + βK¯)1−σ |∇A|
2 + 2σ|A|2fσ − K¯fσ.
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Proof. From Lemma 2.1 and Lemma 2.2, we have
∂
∂t
fσ =
∆|A|2 − 2|∇A|2 + 2R1
(α|H |2 + βK¯)1−σ +
2γ
(
∆|K⊥| − 2 K⊥|K⊥|∇evolK⊥ +R3
)
(α|H |2 + βK¯)1−σ(4.3)
− 1
2
(∆|H |2 − 2|∇H |2 + 2R2)
(α|H |2 + βK¯)1−σ
− α(1 − σ)(|A|
2 + 2γ|K⊥| − 12 |H |2)
(α|H |2 + βK¯)2−σ (∆|H |
2 − 2|∇H |2 + 2R2)
− 4K¯(2− σ) |A˚|
2 + 2γ|K⊥|
(α|H |2 + βK¯)1−σ + 4βK¯
2 (1− σ)fσ
α|H |2 + βK¯ .
By direct computation, we have
∆fσ =
∆(|A˚|2 + 2γ|K⊥|)
(α|H |2 + βK¯)1−σ −
α(1 − σ)(|A˚|2 + 2γ|K⊥|)
(α|H |2 + βK¯)2−σ ∆|H |
2(4.4)
− 2α(1 − σ)
(α|H |2 + βK¯)2−σ
〈∇i(|A˚|2 + 2γ|K⊥|),∇i|H |2〉
+
α2(2− σ)(1 − σ)(|A˚|2 + 2γ|K⊥|)
(α|H |2 + βK¯)3−σ |∇|H |
2|2,
and
− 2α(1− σ)
(α|H |2 + βK¯)2−σ
〈∇i(|A˚|2 + 2γ|K⊥|),∇i|H |2〉
= − 2α(1− σ)
α|H |2 + βK¯
〈∇i|H |2,∇ifσ〉− 2α2(1− σ)2
(α|H |2 + βK¯)2 fσ|∇|H |
2|2.
From (4.3)and (4.4), we have
∂
∂t
fσ = ∆fσ +
2α(1− σ)
α|H |2 + βK¯
〈∇i|H |2,∇ifσ〉+ 2ασR2fσ
α|H |2 + βK¯(4.5)
−
2
(
|∇A|2 + 2γK⊥∇evolK⊥|K⊥| − α |A˚|
2+2γ|K⊥|
α|H|2+βK¯ |∇H |2 − 12 |∇H |2
)
(α|H |2 + βK¯)1−σ
− 4K¯(2− σ)fσ + 4βK¯2 (1 − σ)fσ
α|H |2 + βK¯
− α
2σ(1 − σ)
(α|H |2 + βK¯)2 fσ|∇|H |
2|2 − 2ασ(|A˚|
2 + 2γ|K⊥|)
(α|H |2 + βK¯)2−σ |∇H |
2
+
2
(α|H |2 + βK¯)1−σ
(
R1 + γR3 − (α |A˚|
2 + 2γ|K⊥|
α|H |2 + βK¯ +
1
2
)R2
)
.
We discard the non-positive term on the last line in (4.5) under the pinching con-
dition as the proof in Proposition 3.1, and the gradient terms on the second line
satisfies
(4.6) − 2
(
|∇A|2 + 2γK
⊥∇evolK⊥
|K⊥| − α
|A˚|2 + 2γ|K⊥|
α|H |2 + βK¯ |∇H |
2 − 1
2
|∇H |2
)
≤ −2(|∇A|2 − γ|∇A|2 − α|∇H |2 − 1
2
|∇H |2) ≤ −2ǫ∇|∇A|2.
SURFACES PINCHED BY NORMAL CURVATURE FOR MEAN CURVATURE FLOW 11
We complete the lemma with the following inequality.
(4.7) − 4K¯(2− σ)fσ + 4βK¯2 (1 − σ)fσ
α|H |2 + βK¯
≤ −4K¯(2− σ)fσ + 4K¯(1− σ)fσ = −K¯fσ.

Since the absolute term σ|A|2fσ in the evolution equation is positive, we cannot
use the ordinary maximum principle. As in [3, 9], we need the negative gradient
terms to proceed the iteration. Contracting the Simons identity [27] with the second
fundamental form A we get
1
2
∆|A|2 = 〈A,∇2H〉+ |∇A|2 + Z + 2K¯|A˚|2,(4.8)
where
Z =
∑
i,j,p,α,β
Hαhipαhijβhpjβ −
∑
α,β
(∑
i,j
hijαhjiβ
)2
− |Rm⊥|2.
The following lemma is the identity of ∆|A|2 for surfaces in the space form.
Lemma 4.3. Let F0 : M → F2+d(K¯) be a compact surface immersed in the space
form. Then
(4.9)
1
2
∆|A|2 = 〈A,∇2H〉+ |∇A|2 + 2K|A˚|2 −
∑
α,β
|R⊥12αβ |
2
,
where K is the section curvature.
In particular when d = 2,
Z + 2K¯|A˚|2 = 2K|A˚|2 − 2|K⊥|2,
Proof. When n = 2, Rijkl = K(gikgjl − gilgjk), where the section curvature
K = K¯ +
|H |2
4
− |A
◦|2
2
.
Then
∆hijα = hijkkα = hkijkα(4.10)
= hkikjα + hliαRlkjk + hklαRlijk − hkiβRjkαβ
= hkkijα + 2Khijα −KHαgij − hkiβRjkαβ .
Multiplying (4.10) by hijα,
1
2
∆|A|2 = 〈∆A,A〉 + |∇A|2(4.11)
= 〈A,∇2H〉+ |∇A|2 + 2K|A˚|2 −
∑
α,β
|R⊥12αβ |
2
.

Lemma 4.4. Let F0 : M → S4( 1√
K¯
) be a compact surface immersed in the sphere
with constant curvature K¯. If F satisfies pinching condition (1.10), then there
exists a strictly positive constant ǫ1 such that
(4.12) 2K|A˚|2 − 2|K⊥|2 ≥ ǫ1(|A˚|2 + 2γ|K⊥|)(α|H |2 + βK¯).
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Proof. From (2.10) we have
(4.13) |K⊥|2 ≤ 1
4
|A˚|4 ≤ 1− k
4k − 2 |A˚|
4, for
1
2
< k ≤ 3
4
.
Thus
(4.14) 2K|A˚|2 − 2|K⊥|2 ≥ 2|A˚|2(K − 1− k
4k − 2 |A˚|
2).
The pinching condition (1.10) implies
K − 1− k
4k − 2 |A˚|
2 ≥ K¯ + 1
2
(
1
2
|H |2 − |A˚|2)− 1− k
4k − 2 |A˚|
2(4.15)
≥ 3k − 1− 2k
2
4(2k − 1) |H |
2 + (1− k
4k − 2β)K¯
≥ 1− k
4
|H |2 + (1 − k
4k − 2β)K¯
≥ (1− k)(α|H |2 + βK¯).

Remark 4.5. When K¯ < 0, under the pinching condition (1.11) we have
(4.16) 2K|A˚|2 − 2|K⊥|2 ≥ ǫ2(|A˚|2 + 2γ|K⊥|)|H |2.
In fact, the pinching condition implies,
K − 1− k
4k − 2 |A˚|
2 ≥ 3k − 1− 2k
2
4(2k − 1) |H |
2 + (1− k
4k − 2β)K¯
≥ 1− k
4
|H |2.
Now we can get the required Poincare´ inequality.
Lemma 4.6. For every p ≥ 2 and η > 0 we have the estimate∫
Mt
fpσ(α|H |2 + βK¯)dµt(4.17)
≤ 3pη + 12
ǫ1
∫
Mt
fp−1σ
(α|H |2 + βK¯)1−σ |∇A|
2dµt +
2(p− 1)
ǫ1η
∫
Mt
fp−2σ |∇fσ|2 dµt.
Proof. From Lemma 4.3, we have
∆fσ =
2
〈
A˚ij ,∇i∇jH
〉
(α|H |2 + βK¯)1−σ +
2|∇A˚|2
(α|H |2 + βK¯)1−σ +
2(2K|A˚|2 − 2|K⊥|2)
(α|H |2 + βK¯)1−σ(4.18)
− 2α(1− σ)
α|H |2 + βK¯ 〈∇i|H |
2,∇ifσ〉+ α
2σ(1− σ)
(α|H |2 + βK¯)2 fσ|∇|H |
2|2
+
2γ∆|K⊥|
(α|H |2 + βK¯)1−σ −
α(1 − σ)(|A˚|2 + 2γ|K⊥|)
(α|H |2 + βK¯)2−σ ∆|H |
2.
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∆fσ ≥
2
〈
A˚ij ,∇i∇jH
〉
(α|H |2 + βK¯)1−σ +
2(2K|A˚|2 − 2|K⊥|2)
(α|H |2 + βK¯)1−σ
(4.19)
− 2α(1− σ)
α|H |2 + βK¯ 〈∇i|H |
2,∇ifσ〉 − 2α(1− σ)fσ
α|H |2 + βK¯ (|H |∆|H |)
+
2γ∆|K⊥|
(α|H |2 + βK¯)1−σ +
2(14 − α |A˚|
2+2γ|K⊥|
α|H|2+βK¯ )|∇H |2
(α|H |2 + βK¯)1−σ
≥ 2
〈
A˚ij ,∇i∇jH
〉
(α|H |2 + βK¯)1−σ +
2(2K|A˚|2 − 2|K⊥|2)
(α|H |2 + βK¯)1−σ −
2α(1 − σ)fσ
α|H |2 + βK¯ (|H |∆|H |)
− 2α(1− σ)
α|H |2 + βK¯ 〈∇i|H |
2,∇ifσ〉+ 2γ∆|K
⊥|
(α|H |2 + βK¯)1−σ .
We multiply the equation (4.19) by fp−1σ and integrate on both sides as Proposition
5.5 in [2], then
∫
Mt
2fp−1σ (2K|A˚|2 − 2|K⊥|2)
(α|H |2 + βK¯)1−σ dµt(4.20)
≤ (3pη + 10)
∫
Mt
fp−1σ
(α|H |2 + βK¯)1−σ |∇H |
2dµt +
3(p− 1)
η
∫
Mt
fp−2σ |∇fσ|2dµt
−
∫
Mt
2γ∆|K⊥|
(α|H |2 + βK¯)1−σ dµt.
From Lemma 4.4, we have
∫
Mt
2fp−1σ (2K|A˚|2 − 2|K⊥|2)
(α|H |2 + βK¯)1−σ dµt ≥
∫
Mt
2fp−1σ (αH
2 + βK¯)(|A˚|2 + 2γ|K⊥|)ǫ1
(α|H |2 + βK¯)1−σ dµt
=
∫
Mt
2fpσ(αH
2 + βK¯)ǫ1dµt.
Next we just deal with the last term of (4.20) with the normal curvature.
∫
Mt
− 2f
p−1
σ ∆|K⊥|
(α|H |2 + βK¯)1−σ dµt(4.21)
=
∫
Mt
2∇i
(
fp−1
(α|H |2 + βK¯)1−σ
)
∇i|K⊥| dµt
= 2(p− 1)
∫
Mt
fp−2σ ∇ifσ∇i|K⊥|
(α|H |2 + βK¯)1−σ dµt − 4α(1− σ)
∫
Mt
fp−1σ |H |∇i|H |∇i|K⊥|
(α|H |2 + βK¯)2−σ dµt.
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From (2.11) and the Cauchy-Schwarz inequality, we have
−
∫
Mt
2fp−1∆|K⊥|
(α|H |2 + βK¯)1−σ dµt(4.22)
≤ (p− 1)
η
∫
Mt
fp−2σ |∇fσ|2 dµt + (p− 1)η
∫
Mt
fp−1σ |∇A|2
(α|H |2 + βK¯)1−σ dµt
+16
√
4α
3
∫
Mt
fp−1σ
√
α|H ||A˚||∇A|2
(α|H |2 + βK¯)2−σ dµt
≤ (p− 1)
η
∫
Mt
fp−2σ |∇fσ|2 dµt +
(
(p− 1)η + 10) ∫
Mt
fp−1σ |∇A|2
(α|H |2 + βK¯)1−σ dµt.
The lemma follows by combining these estimates together. 
Now we show that the Lp-norm of fσ is bounded for sufficiently large p.
Lemma 4.7. For any p ≥ 12ǫ∇+1 and σ ≤
ǫ1
√
ǫ∇
8
√
3p
, there exist a constant C depending
only on the initial surface such that for all t ∈ [0, T ) where T ≤ ∞, we have(∫
Mt
fpσdµt
) 1
p
≤ Ce−K¯t.(4.23)
Proof. For t ≥ t0, form Lemma 4.2, we have
∂
∂t
∫
Mt
fpσdµt ≤
∫
Mt
pfp−1σ
∂
∂t
fσdµt(4.24)
≤ −p(p− 1)
∫
Mt
fp−2σ |∇fσ|2dµt
+4(1− σ)p
∫
Mt
αfp−1σ
α|H |2 + βK¯ |H ||∇|H |||∇fσ|dµt
−2pǫ∇
∫
Mt
fp−1σ
(α|H |2 + βK¯)1−σ |∇A|
2dµt
+2σp
∫
Mt
|A|2fpσdµt − pK¯
∫
Mt
fpσdµt.
In view of the pinching condition we can estimate
4(1− σ)p
∫
Mt
αfp−1σ
α|H |2 + βK¯ |H ||∇|H |||∇fσ|dµt(4.25)
≤ 2p
µ
∫
Mt
fp−2σ |∇fσ|2dµt + 3pµ
∫
Mt
fp−1σ
(α|H |2 + βK¯)1−σ |∇A|
2dµt.
Substituting (4.25) to (4.24), letting µ = 4p−1 and p ≥ 12ǫ∇ + 1 we obtain
∂
∂t
∫
Mt
fpσdµt ≤ −
p(p− 1)
2
∫
Mt
fp−2σ |∇fσ|2dµt(4.26)
−pǫ∇
∫
Mt
fp−1σ
|H |2(1−σ) |∇A|
2dµt
+2σp
∫
Mt
(α|H |2 + βK¯)fpσdµt − pK¯
∫
Mt
fpσdµt.
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This together with Lemma 4.6 implies
∂
∂t
∫
Mt
fpσdµt(4.27)
≤ −p(p− 1)
(
1
2
− 4σ
ηǫ1
)∫
Mt
fp−2σ |∇fσ|2dµt
−
(
pǫ∇ − 2σp(3pη + 12)
ǫ1
)∫
Mt
fp−1σ
(α|H |+ βK¯)1−σ |∇A|
2dµt
−pK¯
∫
Mt
fpσdµt.
Now we pick η = 8σǫ1 and let σ ≤ min
{ ǫ1√ǫ∇
8
√
3p
, ǫ1ǫ∇32
}
=
ǫ1
√
ǫ∇
8
√
3p
such that
(4.28) 2σ(3pη + 12) ≤ ǫ∇ǫ1 = 1
4
ǫ∇ǫ1 +
3
4
ǫ∇ǫ1.
Then (4.27) reduces to
∂
∂t
∫
Mt
fpσdµt ≤ −pK¯
∫
Mt
fpσdµt,
and this implies ∫
Mt
fpσdµt ≤ e−pK¯t
∫
Mt0
fpσdµt.(4.29)

Then we can proceed by a Stampacchia iteration procedure as in [8] to bound
fσ in L
∞ and complete the proof of Proposition 4.1.
Here we need the following gradient estimation to compare the mean curvature
at different points.
Proposition 4.8 ([2] Theorem 5.8). For every η > 0, there exists a constant Cη
depending only on η such that for all time, there holds
|∇H |2 ≤ (η|H |4 + Cη)e−δt/2.
Now we can complete the proof of the theorem 1.1.
proof of theorem 1.1. From the proof of lemma 4.4 we know K ≥ ǫ|H |2. Combing
the gradient estimate we have |H|min|H|max → 1 and the diameter of Mt is bounded. By
similar arguments as in [2], we obtain the mean curvature flow with initial value
F either converges to a round point in finite time, or converges to a total geodesic
sphere of S4( 1√
K¯
) as t→∞. 
5. Convergence theorem in the hyperbolic space
In this section we prove the convergence theorem for surfaces that move along
the mean curvature flow in H4(K¯). First we set f˜σ := (|A˚|2 + 2γ|K⊥|)/|H |2(1−σ)
and get the following proposition for the upper bound of f˜σ.
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Proposition 5.1. There exist constants C < ∞ and δ > 0 both depending only
on the initial surface such that for all time t ∈ [0, T ) where T < ∞, we have the
estimate
|A˚|2 + 2γ|K⊥| ≤ C|H |2−δ.(5.1)
The proof of Proposition 5.1 is similar as Proposition 4.1. First we need the
following two lemmas.
Lemma 5.2. For every σ ∈ (0, 1) and ǫ∇ = 1 − 43k − γ, we have the evolution
equation
∂
∂t
f˜σ ≤ ∆f˜σ + 2(1− σ)|H |2 〈∇i|H |
2,∇if˜σ〉 − 2ǫ∇|H |2(1−σ) |∇A|
2(5.2)
+2σ|A|2f˜σ − 4K¯(2 − σ)f˜σ.
Lemma 5.3. For every p ≥ 2 and η > 0 we have the estimate∫
Mt
f˜pσ |H |2dµt ≤
3pη + 12
ǫ2
∫
Mt
f˜p−1σ
|H |2(1−σ) |∇A|
2dµt(5.3)
+
2(p− 1)
ǫ2η
∫
Mt
f˜p−2σ |∇f˜σ|2 dµt.
Proof. From Lemma 4.3, we have
∆f˜σ =
2〈A˚ij ,∇i∇jH〉
|H |2(1−σ) +
2|∇A˚|2
|H |2(1−σ) +
2(2K|A˚|2 − 2|K⊥|2)
|H |2(1−σ)
− 2(1− σ)|H |2 〈∇i|H |
2,∇if˜σ〉+ σ(1− σ)
(|H |2)2 f˜σ|∇|H |
2|2
− (1 − σ)f˜σ∆|H |
2
|H |2 +
2γ∆|K⊥|
|H |2(1−σ) .
We then multiply by f˜p−1σ on both sides and integrate. From Remark 4.5, we have∫
Mt
2f˜p−1σ
|H |2(1−σ) (2K|A˚|
2 − 2|K⊥|2)dµt ≥
∫
Mt
2f˜p−1σ H
2(|A˚|2 + 2γ|K⊥|)ǫ2
|H |2(1−σ) dµt
≥
∫
Mt
2f˜pσH
2ǫ2dµt.
Then the lemma follows by the proof of Lemma 4.6. 
Now we show that the Lp-norm of f˜σ is bounded for sufficiently large p.
Lemma 5.4. For any p ≥ 12ǫ∇+1 and σ ≤
ǫ2
√
ǫ∇
8
√
3p
, there exist a constant C depending
only on the initial surface such that for all t ∈ [0, T ) where T <∞, we have
(∫
Mt
f˜pσdµt
) 1
p
≤ C.(5.4)
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Proof. For t ≥ t0, form Lemma 5.2, we have
∂
∂t
∫
Mt
f˜pσdµt ≤
∫
Mt
pf˜p−1σ
∂
∂t
f˜σdµt(5.5)
≤ −p(p− 1)
∫
Mt
f˜p−2σ |∇f˜σ|2dµt
+4(1− σ)p
∫
Mt
f˜p−1σ
|H |2 |H ||∇|H |||∇f˜σ|dµt
−2pǫ∇
∫
Mt
f˜p−1σ
|H |2(1−σ) |∇A|
2dµt
+2σp
∫
Mt
|A|2f˜pσdµt − 4(2− σ)K¯p
∫
Mt
f˜pσdµt.
we have
4(1− σ)p
∫
Mt
f˜p−1σ
|H |2 |H ||∇|H |||∇f˜σ|dµt(5.6)
≤ 2p
µ
∫
Mt
f˜p−2σ |∇f˜σ|2dµt + 3pµ
∫
Mt
f˜p−1σ
|H |2(1−σ) |∇A|
2dµt.
Substituting (5.6) to (5.5), letting µ = 4(p−1) and p ≥ 12ǫ∇ + 1 we obtain
∂
∂t
∫
Mt
f˜pσdµt ≤ −
p(p− 1)
2
∫
Mt
f˜p−2σ |∇f˜σ|2dµt
− pǫ∇
∫
Mt
f˜p−1σ
|H |2(1−σ) |∇A|
2dµt
+ 2σp
∫
Mt
|H |2f˜pσdµt − 8K¯p
∫
Mt
f˜pσdµt.
This together with Lemma 5.3 implies
∂
∂t
∫
Mt
f˜pσdµt ≤ −p(p− 1)
(
1
2
− 4σ
ηǫ2
)∫
Mt
f˜p−2σ |∇f˜σ|2dµt(5.7)
−
(
pǫ∇ − 2σp(3pη + 12)
ǫ2
)∫
Mt
f˜p−1σ
|H |2(1−σ) |∇A|
2dµt
−8K¯p
∫
Mt
f˜pσdµt.
Now we pick η = 8σǫ2 and let σ ≤ min
{
ǫ2ǫ∇
32 ,
ǫ2
√
ǫ∇
8
√
3p
}
. Then (5.7) reduces to
∂
∂t
∫
Mt
f˜pσdµt ≤ −8K¯p
∫
Mt
f˜pσdµt.
This implies ∫
Mt
f˜pσdµt ≤ e−8K¯pt
∫
Mt0
f˜pσdµt.(5.8)
For t ≥ t0, from Lemma 4.5 in [19] we know that T is finite and
∫
Mt
f˜pσdµt is
bounded. 
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Then we can proceed by a Stampacchia iteration procedure to bound f˜σ in L
∞
and complete the proof of Proposition 5.1. Remember that T is the maximum exis-
tence time of mean curvature flow, then we have the following gradient estimation.
Proposition 5.5 ([19] Theorem 5.1). For every η > 0, there exists a constant Cη
independent of t such that for all t ∈ [0, T ), there holds
|∇H |2 ≤ η|H |4 + Cη
Now we can complete the proof of the theorem 1.2.
proof of theorem 1.2. First, from Remark 4.5 we know K ≥ ǫ|H |2. Combing the
gradient estimate we have |H|max|H|min → 1 which is known with the proof in [8], so the
diameter of Mt tends to zero. By similar rescaling arguments as Theorem 6.1 in
[3], then we obtain the rescaled mean curvature flow that converges to an umbilical
surface. 
In particularity, these convergence theorems in space forms also imply the dif-
ferentiable sphere theorem.
Corollary 5.6. Let F0 : M → F4(K¯) be a compact surface immersed in the space
form with |H |2 + 4K¯ > 0. If M satisfies
(5.9) |A|2 + 2γ|K⊥| ≤ k|H |2 + βK¯,
where β =
{
4k − 2, K¯ ≥ 0,
4− 2k , K¯ < 0,
then M is diffeomorphic to the unit-sphere.
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